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Low energy effective field theories motivated by string theory will likely contain several scalar moduli
fields which will be relevant to early Universe cosmology. Some of these fields are expected to couple
with non-standard kinetic terms to gravity. In this paper, we study the splitting into adiabatic
and isocurvature perturbations for a model with two scalar fields, one of which has a non-standard
kinetic term in the Einstein-frame action. Such actions can arise, e.g., in the Pre-Big-Bang and
Ekpyrotic scenarios. The presence of a non-standard kinetic term induces a new coupling between
adiabatic and isocurvature perturbations which is non-vanishing when the potential for the matter
fields is nonzero. This coupling is un-suppressed in the long wavelength limit and thus can lead to
an important transfer of power from the entropy to the adiabatic mode on super-Hubble scales. We
apply the formalism to the case of a previously found exact solution with an exponential potential
and study the resulting mixing of adiabatic and isocurvature fluctuations in this example. We also
discuss the possible relevance of the extra coupling in the perturbation equations for the process
of generating an adiabatic component of the fluctuations spectrum from isocurvature perturbations
without considering a later decay of the isocurvature component.
PACS numbers: 98.80Cq
I. INTRODUCTION
There has been a lot of recent interest in cosmologi-
cal models motivated by string theory, in particular in
models in which the dynamics differs from that of stan-
dard scalar field-driven inflationary models. Examples of
such models include the “Pre-Big-Bang (PBB)” scenario
[1,2,3,4], the Ekpyrotic model [5], and “Mirage Cosmol-
ogy” [6,7,8].
The simplest realizations of the PBB and the Ekpyrotic
scenarios as four space-time dimensional effective field
theories involve (in the Einstein frame) Einstein gravity
coupled minimally to a single scalar field with canoni-
cal kinetic term. This scalar field can be viewed as the
conformally rescaled dilaton in the case of PBB cosmol-
ogy or the position modulus of a bulk brane in Ekpyrotic
cosmology. These realizations, however, fail to produce
a scale-invariant (n = 1) spectrum of cosmological fluc-
tuations, producing instead an n = 4 blue spectrum in
the case of PBB cosmology [9], and an n = 3 spectrum
in the case of Ekpyrotic cosmology [10,11,12,13,14] (al-
though the latter conclusion is still not agreed on, the
works of [15,16] claiming to obtain an n = 1 spectrum).
String-motivated early Universe scenarios, in particu-
lar the PBB and Ekpyrotic cosmologies, start from ba-
sic physics which, in addition to the degrees of freedom
mentioned above, contain scalar fields with non-standard
kinetic tersms, for example the axion [17] in the case of
both PBB and Ekpyrotic cosmologies, which may play
an important role in the early Universe. In fact, in the
context of Ekpyrotic cosmology it may not be consistent
to neglect these fields [18,19].
More generally, string theory contains many scalar
moduli fields which can be expected to be important in
early Universe cosmology. Independent of which frame
one uses for computations, some of the moduli fields will
have non-standard kinetic terms in the action. Hence, it
is important for future applications to string cosmology
to provide a framework for studying the joint metric and
matter fluctuations in such models.
The presence of more than one scalar matter field leads
to the existence of entropy modes in the spectrum of
cosmological fluctuations which are important on large
scales (length scales greater than the Hubble radius). It
has been suggested that such entropy modes might lead
to an acceptable (i.e. nearly scale-invariant) spectrum of
fluctuations in PBB and Ekpyrotic cosmologies. In the
case of PBB cosmology, this was worked out several years
ago [17], resulting in the possibility of a scale-invariant
spectrum of fluctuations which is of primordial isocur-
vature nature, and it has recently been pointed out [20]
that it is possible to convert this spectrum into a scale-
invariant adiabatic spectrum if the axion is short-lived
(making use of the “curvaton” [21,22,23,24] mechanism).
In the case of Ekpyrotic cosmology, the possibility of ob-
taining a scale-invariant spectrum of fluctuations mak-
ing use of a second scalar field was recently explored in
[25,26] (see [11] for an earlier paper drawing attention to
this possibility).
To be able to predict the scaling of cosmological fluctu-
ations in models with more than one scalar matter field,
it is important to understand the coupling between the
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adiabatic and the entropy modes. It has been known for
a long time (see e.g. [27] for a study of axion fluctuations
in inflationary cosmology) that an initial entropy fluctu-
ation immediately begins to source the growing adiabatic
mode, even on scales larger than the Hubble radius. In
the case of two minimally coupled scalar fields, a con-
venient new formalism to study both adiabatic and en-
tropy fluctuations was recently developed by Gordon et
al. [28]. In this paper, we generalize this formalism to
the case of relevance in many models of string cosmology
in which one of the scalar fields (e.g. the axion) has a
non-canonical kinetic term, in the sense that its kinetic
term in the total Lagrangian depends on the value of the
first scalar field (e.g. the dilaton).
We consider the following action:
S =
∫
d4x
√−g
[
R
16πG
− 1
2
(∂ϕ)2 − e
2b(ϕ)
2
(∂χ)2 − V (ϕ, χ)
]
(1)
where 8πG = M−2pl . Such an action is motivated by
various generalized Einstein theories [29,30] and occurs
in the case of PBB cosmology with χ as an axion field.
It is also of interest in Ekpyrotic cosmology, since it is a
two field simplification of the 4D effective action of low-
energy heterotic M-theory [37]. However, the action (1)
contains a potential, which is crucial in our analysys of
these string motivated cosmologies. Infact, in appendix
A, we show that the most general free 4D effective action
derived from M-theory with a moving brane, cannot lead
to a scale invariant perturbation neither in the adiabatic
nor in the isocurvature sector.
We find that (in the case of non-vanishing potential)
the presence of a non-canonical kinetic term for χ leads
to an extra term in the equations of motion which couple
adiabatic and isocurvature fluctuation modes on wave-
lengths larger than the Hubble radius. This coupling
term does not vanish even when the ratio of the kinetic
energies of the two matter fields is constant (θ constant
in the notation introduced in Section 2). The nonvanish-
ing of the coupling can lead to a more rapid growth of
the curvature fluctuation generated by an isocurvature
perturbation.
The outline of the paper is as follows. In Section II we
present the formalism of the average field σ and the or-
thogonal field s for the background of action (1). Section
III collects all the relevant formulae for adiabatic and
isocurvature perturbations. These two sections general-
ize the work of Gordon et al. [28] for minimally coupled
scalar fields with standard kinetic terms . In Sections
IV and V we discuss cosmological perturbations around
an exact solution previously found in [31], and Section
VI summarizes our main conclusions. In Appendix A,
we discuss the cosmological perturbations for a free 4D
effective action deriving from heterotic M-theory with a
moving five brane. In Appendix B, we discuss the stabil-
ity of the background solution found in [31].
II. BACKGROUND
The equations of motion for the fields ϕ and χ which
follow from the action (1) are:
ϕ¨+ 3Hϕ˙+ Vϕ = bϕe
2bχ˙2 , (2)
χ¨+ (3H + 2bϕϕ˙)χ˙+ e
−2b Vχ = 0 , (3)
where we denote the derivative with respect to a field by
the corresponding subscript. The Einstein equations are:
H2 =
1
3M2pl
[
1
2
ϕ˙2 +
e2b
2
χ˙2 + V
]
, (4)
and
H˙ = − 1
2M2pl
[
ϕ˙2 + e2bχ˙2
]
. (5)
We now use the formalism of average and orthogonal
field, extending the formalism developed by Gordon et
al. [28] to the case with non-canonical kinetic terms. The
definition of the time derivative of the average field σ is:
dσ = cos θ dϕ+ sin θ eb dχ (6)
where
cos θ =
ϕ˙√
ϕ˙2 + e2bχ˙2
sin θ =
ebχ˙√
ϕ˙2 + e2bχ˙2
. (7)
These equations generalize Eqs. (37-38) of Ref. [31]. It
is evident that
σ˙ =
√
ϕ˙2 + e2bχ˙2 (8)
and that the average field σ satisfies
σ¨ + 3Hσ˙ + Vσ = 0 (9)
where
Vσ = cos θ Vϕ + e
−b sin θ Vχ . (10)
III. PERTURBATIONS
We now write the equation for the field perturbations.
We will expand to first order the equations of motion for
ϕ and for χ:
−gµν∇µ(∂νϕ) + Vϕ + bϕe2bgµν∂µχ∂νχ = 0
−e−2bgµν∇µ(e2b∂νχ) + e−2bVχ = 0 (11)
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In the longitudinal gauge (see e.g. Ref. [32] for a de-
tailed review of the theory of cosmological perturbations)
and in the case of vanishing anisotropic stress (as is the
case for the matter Lagrangians considered in this paper)
the metric perturbations can be written as follows:
ds2 = −(1 + 2Φ)dt2 + a2(1 − 2Φ)dx2 , (12)
where Φ is a function of space and time representing the
metric fluctuations.
In this gauge, the fluctuation equation for the matter
field ϕ becomes:
δ¨ϕ + 3Hδ˙ϕ+
[
k2
a2
+ Vϕϕ − (bϕϕ + 2b2ϕ)χ˙2e2b
]
δϕ
+Vφχδχ− 2bϕe2bχ˙δ˙χ
= ϕ˙(4Φ˙ + 3HΦ) + (2ϕ¨+ 3Hϕ˙)Φ− 2bϕe2bχ˙2Φ
= 4ϕ˙Φ˙− 2VϕΦ , (13)
where in the second line we have used the equation of
motion for the background (2). Similarly, the equation
of motion for the fluctuation in the χ field can be written
as:
δ¨χ + (3H + 2bϕϕ˙)δ˙χ+
[
k2
a2
+ e−2bVχχ
]
δχ+ 2bϕχ˙ δ˙ϕ
+e−2b [Vχϕ − 2bϕVχ + 2bϕϕϕ˙χ˙] δϕ
= χ˙(4Φ˙ + 3HΦ) + (2χ¨+ 3Hχ˙)Φ + 4bϕϕ˙χ˙Φ
= 4χ˙Φ˙− 2e−2bVχΦ . (14)
Note that these two last two equations agree with those
in [33].
The energy and the momentum constraint equations
are, respectively:
3H(Φ˙ +HΦ) + H˙Φ+
k2
a2
Φ = (15)
− 1
2M2pl
[
ϕ˙δ˙ϕ+ e2bχ˙δ˙χ+ bϕe
2bχ˙2δϕ+ Vϕδϕ+ Vχδχ
]
Φ˙ +HΦ =
1
2M2pl
(
ϕ˙δϕ+ e2bχ˙δχ
)
=
1
2M2pl
σ˙δσ , (16)
and the redundant equation of motion for Φ is:
Φ¨ + 4HΦ˙ + (H˙ + 3H2)Φ = (17)
1
2M2pl
[
ϕ˙δ˙ϕ+ e2bχ˙δ˙χ+ bϕe
2bχ˙2δϕ− Vϕδϕ− Vχδχ
]
.
Crucial for the following is the separation of the fluc-
tuations into the adiabatic and isocurvature modes. The
adiabatic fluctuation is associated with the “average”
field defined in Eq. (6). The entropy field s is given
by [28,25]:
ds =
eb
σ˙
[ ϕ˙ dχ− χ˙ dϕ ] = eb cos θ dχ− sin θ dϕ (18)
(with the ds not to be confused with the metric).
The curvature perturbation in comoving gauge is
[32,34]
ζ = Φ− H
H˙
(
Φ˙ +HΦ
)
= Φ +H
(
ϕ˙δϕ+ e2bχ˙δχ
ϕ˙2 + e2bχ˙2
)
, (19)
and its evolution equation is (as follows from Eq. (17))
ζ˙ =
k2
a2
H
H˙
Φ + S
≡ k
2
a2
H
H˙
Φ−H
[
1
2
d
dt
(
e2bχ˙2 − ϕ˙2
e2bχ˙2 + ϕ˙2
)
+ C˙
](
δϕ
ϕ˙
− δχ
χ˙
)
=
k2
a2
H
H˙
Φ− 2HVϕϕ˙χ˙
2e2b − Vχχ˙ϕ˙2
(e2bχ˙2 + ϕ˙2)2
(
δϕ
ϕ˙
− δχ
χ˙
)
,
(20)
where
C˙ = 2bϕ
ϕ˙ χ˙2e2b
e2bχ˙2 + ϕ˙2
= 2bϕϕ˙ sin
2 θ . (21)
We note that Eq. (20) corrects Eq. (4.8) of [33]. Indeed,
in the free field case (vanishing potential), the coefficient
multiplying δϕ/ϕ˙ − δχ/χ˙ should vanish, and this does
not occur in Eq. (4.8) of [33].
We can also express the variation of ζ in Eq. (20) in
terms of δs:
S = 2
H
σ˙
θ˙δs+ 2bϕH sin θδs = −2H
σ˙2
Vsδs , (22)
and we have used the relations [25]:
θ˙ = σ˙
[
−Vs
σ˙2
− bϕ sin θ
]
, (23)
Vσ = Vϕ cos θ + e
−b Vχ sin θ , (24)
and
Vs = −Vϕ sin θ + e−b Vχ cos θ . (25)
One of the main results of our work is that the coupling
of adiabatic and isocurvature perturbations does not van-
ish on super-Hubble scales even when θ˙ = 0. This is in
contrast to the case of scalar fields with ordinary coupling
to gravity treated in Ref. [31], for which curvature and
isocurvature perturbations are decoupled when θ˙ = 0.
In particular, in the case of an exponential potential for
ϕ treated in [11], our result implies that curvature and
isocurvature are coupled even if θ is constant. Another
way of reading this result is that adiabatic and isocur-
vature perturbations are coupled by Vs: for scalar fields
with canonical kinetic terms, Vs is just given by θ˙, while
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when bϕ 6= 0, Vs contains extra terms, as we can see from
Eq. (23).
We now introduce the Mukhanov variable [35] Qσ re-
lated to δσ by:
Qσ = δσ +
σ˙
H
Φ =
σ˙
H
ζ . (26)
The quantity Qσ is gauge-invariant and is used to quan-
tize cosmological perturbations [35,32]. It depends both
on the adiabatic component of the matter fluctuations,
i.e. δσ, and on the metric fluctuations Φ. We can rewrite
the equation of motion for the adiabatic perturbation
mode as:
Q¨σ + 3HQ˙σ + (27)[
k2
a2
+ Vσσ − θ˙2 − 1
M2pla
3
(
a3σ˙2
H
).
+ bϕu(t)
]
Qσ
= 2(θ˙δs). − 2
(
Vσ
σ˙
+
H˙
H
)
θ˙δs
+
[
2bϕh(t) + bϕϕσ˙
2 sin 2θ
]
δs , (28)
where
Vσσ = Vφφ(cos θ)
2 + Vφχe
−b sin 2θ + Vχχ(sin θ)
2e−2b ,
(29)
u(t) = −θ˙σ˙ sin θ − e−b Vχ sin θ cos θ , (30)
and
h(t) = σ˙(sin θδs). − sin θ
[
H˙
H
σ˙ + 2Vσ
]
δs− 3Hσ˙ sin θδs .
(31)
This equation reduces for (bϕ = 0) to Eq.(55) in [28]
in the case of two coupled scalar fields which both have
canonical kinetic terms.
We now differentiate Eq. (20) with respect to time in
order to get a second order differential equation for ζ:
ζ¨ + (3H − 2 H˙
H
+
H¨
H˙
)ζ˙ +
k2
a2
ζ (32)
= S˙ + S(3H − 2 H˙
H
+
H¨
H˙
)
=
H
σ˙
[
(θ˙δs). − 2
(
Vσ
σ˙
+
H˙
H
)
θ˙δs
+ 2bϕh(t) + bϕϕσ˙
2 sin 2θδs
]
.
We note that for a power-law contraction a(t) ∼ (−t)p,
the homogeneous part of the equation for ζ becomes:
ζ¨ + 3Hζ˙ +
k2
a2
ζ = 0 . (33)
This is the equation for a standard massless minimally
coupled scalar field, i.e. the same equation which gravita-
tional waves satisfy. As we have already shown in [11,31],
only a dust contraction (p = 2/3) can generate a scale in-
variant spectrum for the curvature perturbation. There-
fore, even allowing for the presence of a generalized free
axion, we have a scale invariant spectrum for curvature
perturbation only for the same type of contraction al-
ready studied in the single field case, when the evolution
of the scale factor is the same as dust.
In order to obtain the equation for the entropy field
δs, we need to differentiate Eq. (18) twice with respect
to time and make use of Eqs. (13,14) as well as [25]
ǫm = − k
2
4πGa2
Φ = σ˙δ˙σ − σ˙2Φ− σ¨δσ + 2Vsδs . (34)
At the end we get:
δ¨s + 3Hδ˙s+
[
k2
a2
+ Vss + 3θ˙
2 − bϕϕσ˙2 + b2ϕg(t) + bϕf(t)
]
δs
= −k
2
a2
Φ
2πG
Vs
σ˙2
. (35)
In the above, we have used the notation
g(t) = −σ˙2(1 + 3 sin2 θ)
f(t) = Vϕ(1 + sin
2 θ)− 4Vs sin θ , (36)
where we have made use of the relations (18,6,23-25) and
the definition
Vss = Vφφ(sin θ)
2 − Vφχe−b sin 2θ + Vχχ(cos θ)2e−2b.
(37)
We note that in the case of two coupled scalar fields which
both have canonical kinetic terms, (bϕ = 0), Eq. (35)
reduces to Eq.(52) in [28], but differs from Eq. (3.38) in
[25].
By using Eq. (20) to substitute the term k2Φ, we can
rewrite Eq. (35) as:
δ¨s+ 3Hδ˙s+
[
k2
a2
+ Vss + 3θ˙
2 + b2ϕg(t)+
+ bϕf(t)− bϕϕσ˙2 − 4V
2
s
σ˙2
]
δs = 2
Vs
H
ζ˙ . (38)
Eqs. (32) and (38) represent the main result of this
work. They describe the coupling between the adiabatic
and the entropy fluctuation modes. Eq. (32) determines
how the entropy fluctuation sources the adiabatic mode,
the Eq. (38) in turn gives the growth of the entropy mode
sourced by the adiabatic fluctuation component.
IV. AN EXACT INFLATIONARY SOLUTION
As an application of the formalism developed in the
previous section, an application which is of interest in its
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own right, we now consider a new inflationary solution
based on the action (1) with
b(ϕ) =
α
2Mpl
ϕ (39)
and with an exponential potential
V = V0 e
−βϕ/Mpl . (40)
With this potential, the action (1) is a model of soft in-
flation [36] with a constant potential for the inflaton χ,
i.e. V (χ) = V0.
The solution we are presenting is the expanding branch
of the contracting solution found in [31]. We look for a
solution for which the scale factor increases as a power
of time, whereas the inflaton depends logarithmically on
time:
a(t) ∼ t p , t > 0 (41)
a(η) = (− 1
Mpl(p− 1)η )
p
p−1 , η < 0 (42)
ϕ(η) = A log(−Mpl(p− 1)η) , (43)
where we have written the time dependence of the scale
factor both in cosmic time t and in conformal time η.
The solution for χ can be obtained by directly integrat-
ing Eq. (3) with V = V (ϕ). The resulting dependence
on η is of power-law type:
χ′ = C
e−αϕ/Mpl
a2
=
C
(−Mpl(p− 1)η)αA/Mpl−2p/(p−1)
,
(44)
where C is an integration constant and the prime denotes
the derivative with respect to the conformal time. The
ansatz (43) and the above functional form (44) for χ solve
all of the equations of motion provided certain relations
between the constant coefficients are satisfied. By impos-
ing that all the terms have the same time dependence we
get the following constraints:
β
A
Mpl
+
2p
p− 1 = 2 (45)
α
A
Mpl
− 4p
p− 1 = 2 , (46)
which leads to
α = β(1− 3p) . (47)
We also have
(
A
Mpl
)2
+
(
C
M2pl(p− 1)
)2
=
2p
(p− 1)2 , (48)
V0
M4pl
= p(3p− 1) . (49)
This solution has the property of having θ = θ0 = const.
More precisely
cos θ =
A(p− 1)√
2pMpl
sin θ =
C√
2pM2pl
tan θ =
C
A(p− 1)Mpl . (50)
The solution leads to inflation if p > 1. In Appendix B
we show that the expanding solution is an attractor when
p > 1/3 and β2 > β20 , where β0 is defined in Eq. (82).
If both fields had standard kinetic terms, then curva-
ture and isocurvature perturbations would be decoupled
since θ˙ = 0 [28]. Instead, for α 6= 0, the isocurvature
component feeds the curvature perturbation as described
by Eq. (32), even in the long-wavelength limit (k small).
In addition, for α 6= 0 curvature perturbations act as a
source for isocurvature perturbations, as we see from Eq.
(38), but it is evident from Eq. (35) that this coupling is
negligible for k small. Therefore, at least for small k, we
can assume that isocurvature perturbations evolve freely.
The homogeneous part of the solution of Eq. (32) for
the curvature perturbation ζ is:
ζk =
1
2aMpl
√
−πpη
2
H
(2)
|νζ |
(−kη) , (51)
where H
(2)
ν denotes the Hankel function of index ν, and
the spectral index νζ is given by:
νζ =
1
2
3p− 1
p− 1 =
3
2
+
1
p− 1 . (52)
For large cosmic time (very small negative conformal
time), the Hankel function scales as (−kη)−νζ . Hence, for
p > 1, the spectral index (52) corresponds to a slightly
blue tilt away from a scale invariant spectrum, the tilt
decreasing as p increases.
The left hand side of the equation for δs (35) in con-
formal time can be rewritten as:
(aδsk)
′′ +
[
k2 + a2
(
Vss +
α2
4M2pl
g(η) +
α
2Mpl
f(η)
)
− a
′′
a
]
(aδsk) = 0 , (53)
where
a2Vss = a
2(sin θ)2 Vϕϕ = 2(3p− 1) (tan θ)
2
(p− 1)2η2 , (54)
a2g(η) = −2p M
2
pl
η2(p− 1)2 (1 + 3 sin
2 θ) , (55)
a2f(η) = p
αMpl
η2(p− 1)2 (1 + 5 sin
2 θ) , (56)
5
a′′
a
= p
2p− 1
(p− 1)2η2 . (57)
The solution for δs is:
aδsk =
(
−πη
4
)1/2
H|νs|(−kη) (58)
where νs can be obtained from:
ν2s =
1
4
+ p
(2p− 1) + 6(tan θ)2(1− 3p)
(p− 1)2
= ν2ζ + 6p(tan θ)
2 1− 3p
(p− 1)2 . (59)
By comparing the index (52) of the primordial adia-
batic fluctuations in this model (computed without the
presence of an entropy source) with the index (59) of
the entropy fluctuation mode, we see that in a model
with potential (40) the isocurvature perturbation spec-
trum (for p > 1/3) has a larger blue tilt than the adia-
batic perturbation spectrum. Therefore, for such power-
law inflation models driven by a scalar matter field ϕ,
the presence of a free field χ does not change the basic
picture of the dominance of adiabatic perturbations on
large wavelengths, and can also not change the index of
the fluctuation power spectrum.
In the first two figures, the index νs is displayed as
a function of p and tan θ in the case of the expanding
Universe solution considered in this section.
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FIG. 1. The spectral index νs for isocurvature perturba-
tions in the expanding model of Section IV is presented as a
function of p and tan θ (denoted by x in the figure) for two
different ranges of the variables.
V. THE CONTRACTING SOLUTION
We now discuss perturbations in the contracting
branch of the same two field model given by the poten-
tial (40). In Appendix B we show that the contracting
solution is not stable for any value of the parameters p
and tan θ. However, the model deserves attention since
it allows an analytic study of adiabatic and isocurvature
perturbations. It also yields new ways of obtaining a
scale-invariant spectrum of fluctuations.
The contracting phase of this model could describe a
modified PBB scenario in which the dilaton has an ex-
ponential potential and the field χ denotes a generalized
axion. Alternatively, χ could be the five-brane position
in an effective 4-D theory of the Ekpyrotic scenario, with
the four-form set to zero [37].
Thus, here we consider a contracting background
(which would have the potential of solving the horizon
problem):
a(t) ∼ (−t) p , t < 0 , 0 < p < 1 (60)
a(η) = (−Mpl(1− p)η)
p
1−p , η < 0 , (61)
and the functional form of ϕ(η) is the same as in the
expanding branch.
The formulae for the spectral indices νζ and νs of adi-
abatic and isocurvature perturbations are the same as in
the expanding case, but restricted to the range 0 < p < 1.
For this range of p, isocurvature perturbations will play
an important role, as opposed to what happens in the
case p ≫ 1. Indeed, |νs| = 3/2 occurs for the following
set of values of tan θ
(tan θ)2 =
2− 3p
6p(1− 3p) . (62)
Let us discuss the two limits in which the field χ is
either subdominant or not. When χ is subdominant,
tan θ ∼ 0, and Vss is unimportant, as we can see from
Eq. (54). In this case, only the curvature term a′′/a can
amplify isocurvature perturbations, and therefore their
spectrum is scale invariant only for p = 2/3 (since the
equations are the same as in the case of adiabatic per-
turbations in the single field model [11,31]). When the
background χ energy is not negligible, a scale invari-
ant spectrum of isocurvature perturbations is possible
for 0 < p < 1/3 and 2/3 < p < 1 (in order to have
(tan θ)2 > 0 in Eq. (62)). When χ is dominant, i.e.
tan θ ≫ 1, there are two values of p which yield a scale
invariant spectrum of isocurvature fluctuations. The val-
ues are obtained by setting the spectral index νs of (59)
to ±3/2. By combining (52) and (59) it immediately fol-
lows that one of the two solutions for p is very close to
p = 0 (but slightly positive, of the order (6 tan2 θ)−1, the
second solution has p very close to p = 1/3 (but slightly
smaller). Note that these solutions yield new mechanisms
of obtaining a scale-invariant spectrum of fluctuations in
a bouncing cosmology.
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We now estimate the transfer of isocurvature perturba-
tions to adiabatic component. As has been recently un-
derstood, extra care should used, since the usual decay-
ing mode in the expanding case can become the growing
mode in the contracting case. Also, different quantities
such as Φ and ζ, grow at different rates, as can be seen
from the long-wavelength solutions of ζ and Φ without
source terms (see e.g. [31]):
ζk = D + S
∫
dt
H2
a3σ˙2
, (63)
Φk = l D + m
S
k2
H
a
,
where D and S are functions of k and l andm are numer-
ical coefficients which depend on the equation of state of
the background.
Therefore, it is useful to check whether the growth of ζ
is dominated by the growth of the adiabatic mode which
is driven by the contraction of the universe, or by the
contribution of isocurvature perturbations. For this pur-
pose, we estimate the two terms on the right hand side
of Eq. (20):
ζ˙k = k
2pβ
S
a3
+ α sin θ
H
Mpl
δsk , (64)
where we have considered only the relevant case of a
growing mode for Φ and of constant θ. From this we
can see that, for p < 1/3, the variation in time of the
adiabatic component is dominated in the long time limit
by the entropy contribution, even if we assume that δs is
constant. Most likely also δs grows in time. The typical
transfer time is given by the Hubble parameter. From
Eq. (35), it follows that the right-hand side is compara-
ble at most to Sa3 .
Now, suppose we consider the case when the isocurva-
ture perturbations have a scale invariant spectrum, given
by one of the possible values of tan θ of Eq. (62). The
solution for δs at long-wavelengths (−kη → 0) is then
given by:
δsk ∼ −i 1− p√
2k3/2t
. (65)
The curvature component induced by a scale invariant
entropy component will then grow in time in the same
way, as can be seen from Eq. (20):
|ζk induced| ∼ (1− p)α sin θ H
Mpl
1√
2k3/2
∼ α sin θp |δsk|
Mpl
. (66)
This should be compared with the result for a scale in-
variant ζ in the single field case simulating a dust collapse
(p = 2/3) [31]. In that case, for long wavelengths:
|ζk| ∼ H
Mpl
1
18
√
6k3/2
. (67)
VI. DISCUSSION AND CONCLUSIONS
We have studied the interaction between adiabatic and
entropy perturbations for a two field Lagrangian in which
one field has a nontrivial kinetic term, a prototypical ef-
fective scalar field model motivated by string theory. We
have thus extended the work by Gordon et al. [28] to
a class of generalized Einstein theories likely to be rele-
vant in various approaches to string cosmology, be it an
inflationary scenario in which various moduli fields are
dynamically important, or an alternative scenario such
as the PBB or Ekpyrotic paradigms.
We have discovered that the nontrivial kinetic term
induces a new coupling between adiabatic and entropy
perturbations when a non-zero potential term is present
(see Eq. (20)). This extra coupling is not suppressed on
super-Hubble scales, nor does it vanish in the case of a
scaling solution in which both fields participate in driving
the geometry (in contrast to what occurs for ordinary
kinetic terms for a scalar field [38]). The reason why
a transfer of power from the isocurvature mode to the
adiabatic mode can occur even for a scaling solution is
because the two component are coupled (bϕ 6= 0), as also
happens in reheating [39], even at nonlinear level [40].
We have constructed specific models which yield a
scale-invariant spectrum of primordial isocurvature fluc-
tuations (see Section V) in a bouncing Universe scenario.
Via the coupling between entropy and adiabatic modes
discussed in Section III, a scale-invariant spectrum of adi-
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FIG. 2. The spectral index νs for isocurvature perturba-
tions in the contracting case is presented in function of p and
tan θ (denoted by x) for two different range of the variables.
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abatic fluctuations in the post-bounce phase is induced.
However, these models are not stable, and the specific
values of the background fields required to obtain these
solutions do not appear natural. Thus, the question of
using the transfer mechanism discussed in this paper to
construct improved cosmological models is still open.
Models of the type studied here could be relevant in
a framework where large-scale primordial adiabatic fluc-
tuations are negligible and one therefore would like the
late time adiabatic perturbations to be seeded by the
isocurvature component, see e.g. [41] for an early discus-
sion in the context of inflationary cosmology, or more
recent discussions in the context of the curvaton models
[21,23,24]. In the conventional inflationary models, when
both scalar fields have canonical kinetic terms, the cur-
vature perturbation only starts to grow at late times if
the field carrying the isocurvature mode has no nontrivial
potential (as is the case for axion fluctuations above the
QCD scale), and the isocurvature component is converted
fully to the adiabatic mode when the curvaton decays ∗.
In contrast, in our models, the curvature fluctuation be-
gins to grow early due to the extra coupling between the
entropy and the adiabatic mode †. In this paper, we
have studied examples in which the growth of ζ occurs
while the perturbations are generated. Moreover, when
a scaling solution such as the one found in [31] exists, the
conversion can be studied approximatively analytically.
The Lagrangian considered in Eq. (1) is motivated
by low energy effective actions from string theory, often
after making use of a conformal trasformation. Such La-
grangians have also been invoked to drive inflation; a par-
tial list of such models is given in [29,30]. The splitting
of adiabatic and isocurvature perturbation introduced in
this paper if therefore useful in this context. The expand-
ing branch of the exact solution studied in [31] is relevant
in the context of soft inflation models [36] and we have
demonstrated that it is an attractor (see also [42]).
In the context of string cosmology, the action in (1)
can be obtained once one has compactified from ten to
four dimensions and made the transition to the Einstein
frame. In this context, the field χ could be the pseudo-
scalar axion (α = 2 in units of Mpl = 1) and ϕ the
shifted dilaton. Alternatively, χ could be the modulus of
the rank-three internal antisymmetric tensor field and ϕ
the modulus of the internal space (α = −2/√3 in units
of Mpl = 1) [3].
In the context of the Ekpyrotic scenario [5], the case
∗Note that the background energy density of the curvaton
must be negligible while its perturbation are generated [41,21]
or else there is no potential to couple adiabatic and isocurva-
ture perturbations [17].
†Note, however, that one still needs a mechanism to turn off
the growth of ζ on super-Hubble scales in order to produce a
spectrum which is adiabatic in the sense that the positions of
the acoustic peaks in the induced CMB anisotropy spectrum
are at the values for a pure primordial adiabatic model.
studied here is a simplification of the full 4D effective La-
grangian [25,37]. The field ϕ could be the dilaton or the
volume modulus and χ the five-brane position [25,37].
The introduction of a potential seems fundamental since
the free 4D effective action obtained from M-theory with
a moving brane [37] does not contain a scale invariant
perturbation, as we have shown in Appendix A. An alter-
native to the introduction of a potential for the Ekpyrotic
scenario is considering a non vanishing four form and con-
structing a scale invariant perturbation as in PBB, i.e.
through an axion [17].
In Appendix B we have demonstrated that the novel
scaling solution found in [31] is a global attractor for
p > 1/3 and β > β0. The solution leading to inflation is
therefore stable. In contrast, the contracting scaling so-
lution is never stable [42,43]. This means that the scaling
single field contracting solution used in the Ekpyrotic sce-
nario or a modified PBB scenario (and demonstrated to
be stable in [43]) is not robust to the introduction of a
second field with a nontrivial kinetic term (it does not
matter if this second field corresponds to an axion or
something else).
We wish to end with a brief discussion of the prospect
of using the coupling between entropy and adiabatic fluc-
tuation modes discussed in this paper in order to obtain a
scale-invariant spectrum of adiabatic fluctuations in PBB
and Ekpyrotic type models in which the primordial adi-
abatic spectrum is not scale-invariant. The idea is to use
the coupling discussed in this paper in order to trans-
fer an initial isocurvature mode to the adiabatic compo-
nent during the phase of cosmological contraction (when
viewed from the Einstein frame). The induced spectrum
for ζ will be scale-invariant for the appropriate value of
the spectral index νs (see (59)). After matching across
the bounce to a conventional expanding Friedmann cos-
mology (with no source of entropy fluctuations) using
the method of [11], the spectrum of the constant mode
of ζ in the expanding phase will be scale-invariant, unless
the presence of the field χ modifies the matching condi-
tions in an unexpected way (the study of matching con-
ditions in such a two-field model is currently under way).
Thus, if the transfer of an initial isocurvature fluctuation
into a curvature fluctuation takes place in the contract-
ing phase, one does not need to introduce ad hoc new
physics in the expanding phase (as has to be done in the
curvaton models) to turn on the entropy source.
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VII. APPENDIX A: PERSPECTIVE ON
EKPYROTIC MODELS WITHOUT MODULI
POTENTIALS
In this Appendix we demonstrate that without a po-
tential for some of the moduli fields, it is not possible
to obtain a scale-invariant spectrum of fluctuations in ef-
fective field theories containing the moduli fields which
are expected to arise in the original Ekpyrotic model (in
which the separation between the boundary branes is
fixed and a bulk brane is propagating) [37]. In this model,
isocurvature mode arise naturally since three scalar fields
are present in the low-energy four-dimensional effective
action.
Following Copeland, Gray and Lukas [37], the kinetic
part of the action is:
Seff =
∫
d4x
√−g
[
−1
4
∂µφ∂
µφ− 3
4
∂µβ∂
µβ
− c
2
e
β−φ
Mpl ∂µz∂
µz
]
(68)
where φ is the dilaton, β is the volume modulus and z
the brane modulus [37].
It is interesting to consider the resulting cosmological
perturbations arising from the above theory when no po-
tential is present. Since there is no potential, adiabatic
and isocurvature perturbations (in this case there are two
isocurvature modes) are decoupled. Instead of proceding
by brute force by considering perturbations for the the-
ory (68), we follow the method of [37].
As observed in [37], the action (68) is manifestly in-
variant under a global SL(2,R) transformation, as can be
seen by defining:
X =
√
3
8
β −
√
3
8
φ , (69)
Y =
3√
8
β +
1√
8
φ . (70)
In terms of these fields the action (68) takes the form:
Seff =
∫
d4x
√−g
[
−1
2
∂µX∂
µX − 1
2
∂µY ∂
µY
−1
2
e
2
√
2
3
X
Mpl ∂µz∂
µz
]
. (71)
where we have absorbed c in the redefinition of z. In
this way, Y decouples and X and z parametrize the
SL(2,R)/U(1) coset. This symmetry group has been al-
ready extensively used in the context of PBB cosmology
[17]. In fact, the action is the same as the one considered
in [3]. Here, the pseudo-scalar axion field σ of the rank-
three antisymmetric strength field tensor is replaced by
the bulk brane position z.
In order to calculate the isocurvature perturbations in-
duced by the bulk brane, we follow the analysis used in
PBB cosmology [17,3]. We know that both background
and perturbation solutions with z′ 6= 0 are generated
by acting with a symmetry group transformation on the
background and perturbation solutions with z′ = 0. It is
thus sufficient to solve the case with z′ = 0 in order to
derive the spectral index of the perturbations.
For z′ = 0 the bulk brane perturbations satisfy the
following equation:
δ¨z +
(
3H + 2
√
2
3
X˙
Mpl
)
δ˙z +
k2
a2
δz = 0 (72)
The solution for the scale factor is a(t) ∼ t1/3, and the
fields depend logarithmically on time (we are omitting
integration constants):
X = Mplr log(−Mplη)
Y = Mpls log(−Mplη) (73)
where the coefficients r and s are subject to the constraint
r2 + s2 = 3/2 (74)
The solutions for the bulk brane fluctuations are:
δz = e
− 2
3
X
Mpl H|νz|(−kη) (75)
where
νz =
√
2
3
r . (76)
Because of the constraint (74), the spectral index νz can
be at most 1 (when y is constant), and therefore, in the
context of this 4D general effective action for low-energy
heterotic M theory, it is not possible to obtain a scale-
invariant spectrum of fluctuations without adding a su-
perpotential or considering a nonzero four form.
VIII. APPENDIX B: STABILITY ANALYSIS
Here we study the stability of the scaling solution
found in [31] and discussed in Section 4 and 5. In the
context of exponential potentials for scalar fields, other
scaling solutions exist: for the system perfect fluid-scalar
field a scaling solution exists [44] and has been shown
to be a global attractor [45]. A scaling solution exists
even if the scalar field is explicitly coupled with a per-
fect fluid [46]. A scaling solution with multiple fields and
generic exponential potentials is relevant in the context of
assisted inflation [47] and contraction [26]. The acceler-
ating expanding branch is stable [38] as in the single field
case [48]. Recently it has been shown that also the single
field contracting solution with a negative exponential is
stable [43].
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We now introduce
x =
φ˙√
6HMpl
y =
√
|V |√
3HMpl
w =
ebχ˙√
6HMpl
(77)
and the system of equation of motion of the scalar fields
can be written as:
x′ = −3x± β
√
3
2
y2 + α
√
3
2
w2 + 3x(x2 + w2)
y′ = y
(
−β
√
3
2
x+ 3(x2 + w2)
)
(78)
w′ = w
(
−3−
√
3
2
αx + 3(x2 + w2)
)
where a prime denotes a derivative with respect to the
logarithm of the scale factor. The Hubble law constrains
the three variables to stay on a circle/hyperboloid
x2 ± y2 + w2 = 1 , (79)
depending on the sign of the potential. We have con-
sidered the absolute value of V in the definition of y in
Eq. (77) and the plus/minus signs in Eqs. (78,79) takes
into account the possibility of having positive or negative
potentials, as in [43]. We note that y = 0 and w = 0 are
invariant planes of the dynamics.
Following Ref. [43], we restrict our study of the exis-
tence and stability of critical points to the region y ≥ 0,
i.e. expanding cosmologies (H > 0). However, the
trajectories are symmetric with respect to time reversal
H → −H , corresponding to x→ x, y → −y and w → w.
The system is also symmetric under β → −β, α → −α
and x → −x, and thus we restrict our attention to the
case with β > 0.
The system admits several fixed points:
a) for w = 0 the system has the fixed points of the single
field problem [43].
b) For y = 0 the system reduces to a generalized axion-
massless scalar field problem and there are no fixed
points, except x = 0, y = 0 (indeed, the scaling solu-
tion found in [31] does not exist for zero potential). We
also note that the free axion-dilaton solution [49] is not
a scaling solution.
c) In the general case, the fixed point
x =
√
6
β − α y = ±
√
α
α− β w = ±
√
1
β − α
(
β − 6
β − α
)
(80)
exists and corresponds to the solution presented in Sec-
tions 4 and 5 and in Ref. [31]. In the following, we use
Eq. (47) to substitute α with β and p.
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FIG. 3. The functions β20(p) (continuous line) and 2/p
(dashed line). The two functions intersect in p = 1/3, and
β20 > 2/p for p > 1/3.
By linearizing the system (78) around the fixed point,
(80) we find two eigenvalues ‡:
λ1,2 =
1− 3p±
√
1− 30p+ 81p2 + 12β2p2 − 36β2p3
2p
.
(81)
The two eigenvalues are complex conjugates when p >
1/3 and β2 > β20 or when p < 1/3 and β
2 < β20 , where
β0 is given by:
β20 ≡
81p2 − 30p+ 1
12p2(3p− 1) =
27p− 1
12p2
. (82)
We also have the constraint β2 > 2/p. We show the
curves for β20(p) and 2/p in Fig. (3). For p > 1/3 and
β2 > β20 the real part of the two eigenvalues is negative:
in this case the solution found in [31] is an attractor in the
expanding case, including the inflationary case (p > 1).
For p > 1/3 and β2 < β20 the two eigenvalues are real,
but have opposite signs, and therefore the fixed point is
a saddle point. For p < 1/3, β20 < 2/p and therefore the
two eigenvales are real, with opposite signs. Also in this
last case the fixed point is a saddle point.
Because of the symmetry under time reversal, early
time solutions in an expanding universe are the same as
late time ones in a contracting universe [43]. Therefore,
the solution in the contracting case is never stable: this
means that the introduction of a generalized free axion
destroys the stability of the single field contracting scal-
ing solution with negative potential (p < 1/3) studied in
[43].
‡A third eigenvalue, λ3 =
2
p
, with its relative eigenvector,
does not satisfy the linearization of the constraint (79) and
therefore must be rejected. We thank David Wands for mak-
ing this point clear.
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